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Abstract We study the wave-particle interactions between lower band chorus whistlers and an
anisotropic tenuous population of relativistic electrons. We present the ﬁrst direct comparison of
ﬁrst-principle particle-in-cell (PIC) simulations with a quasi-linear diﬀusion code. In the PIC approach, the
waves are self-consistently generated by the temperature anisotropy instability that quickly saturates
and relaxes the system toward marginal stability. We show that the quasi-linear diﬀusion and PIC results
have signiﬁcant quantitative mismatch in regions of energy/pitch angle where the resonance condition
is not satisﬁed. Moreover, for pitch angles close to the loss cone the diﬀusion code overestimates the
scattering, particularly at low energies. This suggests that higher-order nonlinear theories should be taken
in consideration in order to capture nonresonant interactions, resonance broadening, and to account for
scattering at angles close to 90◦ .
1. Introduction
Resonant wave-particle interactions play a fundamental role in space plasma physics. In the radiation belts,
energetic electrons that are potentially harmful to satellites are subject to pitch angle scattering and local
acceleration due to cyclotron and Landau resonances [Thorne, 2010; Summers et al., 2013]. The nonconservation of the adiabatic invariants of motion leads to detrapping and to scattering into the loss cone,
where particles eventually precipitate into the ionosphere. The accurate prediction of the time scale associated with the loss mechanisms of such energetic particles still represents a major challenge, in a space
weather perspective.
The standard theoretical framework for the modeling of wave-particle interactions is based on quasi-linear
theory, initially developed in the seminal paper by Kennel and Engelmann [1966] and broadly used in the context of cosmic ray acceleration [Jokipii, 1966; Kulsrud and Pearce, 1969; Schlickeiser, 1989], tokamaks [Hazeltine
et al., 1981], and radiation belt physics [Lyons et al., 1972; Summers et al., 1998]. The quasi-linear procedure describes wave-particle interactions by means of a diﬀusion equation in pitch angle and energy for
the particle distribution function, by expanding particle orbits around their unperturbed trajectory in the
Vlasov-Maxwell equations [Swanson, 2012]. The complexity of wave-particle interactions is thus dramatically
reduced to a diﬀusive process, and all the physical information is lumped into the diﬀusion coeﬃcients, usually
deﬁned as a function of particles’ pitch angle and energy. Following the quasi-linear paradigm, the derivation
and numerical calculation of diﬀusion coeﬃcients for several kinds of plasma waves have been the focus of a
great part of radiation belt physics in recent years [Albert and Young, 2004; Summers, 2005; Glauert and Horne,
2005; Shprits et al., 2006; Mourenas and Ripoll, 2012]. Multidimensional diﬀusion codes have proved quite successful in studying the time evolution of the electron distribution function before, during, and after a storm
[Thorne et al., 2013; Tu et al., 2013; Miyoshi et al., 2006; Jordanova et al., 2010; Fok et al., 2008; Tao et al., 2009;
Varotsou et al., 2008; Albert et al., 2009; Shprits et al., 2009; Subbotin and Shprits, 2009; Tu et al., 2009; Xiao et
al., 2009, 2010; Su et al., 2011]. Moreover, quasi-linear diﬀusion coeﬃcients have recently been compared to
results from test particle simulations. Tao et al. [2011] made this comparison for whistler mode chorus and Liu
et al. [2010] for electromagnetic ion cyclotron waves. Both found an excellent agreement. Tao et al. [2012] have
also reported the breakdown of the quasi-linear theory predictions when, as expected, the wave amplitude
is suﬃciently large.
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It is important to remind that the resonant quasi-linear theory employed in radiation belt studies is based on
the following three approximations: the waves have random phase and small amplitude, and the particles
are in (either cyclotron or Landau) resonance with the wave spectrum [Lemons, 2012]. Although not strictly
required, most quasi-linear calculations have been carried over by assuming a spectrum of waves derived by
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the cold plasma linear theory, i.e., neglecting thermal eﬀects. Wave damping/growth is generally neglected,
since it increases the complexity of the derivation of the diﬀusion coeﬃcients. Finally, an accurate calculation
of the diﬀusion coeﬃcient requires the detailed information on the wave power spectrum, which is generally
assumed as a Gaussian centered around a dominant mode [Horne et al., 2005].
In this paper, we present particle-in-cell (PIC) simulations and we focus on the wave-particle interactions
between energetic electrons and whistlers generated by an anisotropic suprathermal relativistic population. With such approach the wave spectrum is self-consistently generated and no further assumptions are
required. The resonant interactions between particles and a wave ﬁeld that is growing in time due to an ongoing kinetic instability have not been studied before in a self-consistent way. We present, for the ﬁrst time, a
quantitative comparison between PIC and Fokker-Planck simulations. In this way we can directly assess the
range of validity of the standard quasi-linear approach and its drawbacks. It is worth noting that in the cosmic
ray acceleration context, several authors have highlighted the weaknesses of standard quasi-linear diﬀusion,
leading to the development of second-order quasi-linear theory and weakly nonlinear theory [see, e.g., Shalchi
and Schlickeiser, 2005; Qin and Shalchi, 2009], where the particle orbit calculation takes in account the electromagnetic perturbation. In particular, the standard quasi-linear theory fails to predict the correct scattering for
large pitch angles (“the 90◦ problem”) [Tautz et al., 2008]. More recently, Ragot [2012] has questioned the relative importance between resonant and nonresonant interactions in a turbulent magnetized plasma. Finally, it
is important to emphasize that one of the most relevant quantities for space weather predictions is the particle
lifetime. A standard estimate is based on the inverse of the bounce-averaged diﬀusion coeﬃcient evaluated at
the equatorial loss cone angle, for diﬀerent energies [Shprits et al., 2006]. Such estimate has been validated in
Albert and Shprits [2009] and parametrized in Shprits et al. [2007]. The electron loss time scale varies from a few
hours to a few days depending on the latitude distribution of wave power, the energy, and the cold plasma
parameter 𝛼 ∗ = Ω2e ∕𝜔2p (with 𝜔p and Ωe the electron plasma and equatorial cyclotron frequency, respectively).
However, we will show that quasi-linear diﬀusion tends to overestimate diﬀusion rates at small pitch angles:
this important result suggests to reconsider the standard estimates of particle lifetime.
We focus on the physics of whistler waves, which are routinely observed in the magnetosphere and are
believed to play a dominant role for relativistic electron acceleration and precipitation [Horne and Thorne,
2003]. Whistler waves can be generated by man-made VLF transmissions [Dungey, 1963] or as the result of
anisotropic plasma injection during a magnetic storm [Jordanova et al., 2010]. Indeed, equatorial whistler
mode chorus can be excited by cyclotron resonance with anisotropic 10–100 KeV electrons injected from the
plasma sheet [Summers et al., 2007]. A statistical analysis of chorus excitation observed by THEMIS has recently
been presented by Li et al. [2010]. They have reported dayside lower band chorus generated by anisotropic
10–100 KeV electrons. The superposed epoch analysis during geomagnetic storms performed at GEO orbit by
MacDonald et al. [2008] suggests that whistler wave growth is related to relativistic electron enhancements,
but they have not found instances where the whistler marginal stability condition is actually reached, thus
suggesting that the anisotropic suprathermal population is seldom strongly unstable, but rather in a condition of marginal stability. Indeed, the long-standing scenario envisioned for radiation belt electrons implies
a delicate equilibrium between losses due to pitch angle scattering into the loss cone and enhanced wave
activity due to kinetic instabilities triggered by anisotropic loss cone distributions [Lyons and Thorne, 1973].

2. Methodology
We present one-dimensional particle-in-cell (PIC) simulations performed with the implicit code Parsek2D
[Markidis et al., 2009, 2010]. In order to simulate a situation relevant to the lower band chorus generation in
the radiation belt, we have chosen the following parameters. The background homogeneous magnetic ﬁeld
is B0 = 4 ⋅ 10−7 T , corresponding to the equatorial value at L ∼ 4.3, and it is aligned with the box (the assumption of homogeneous ﬁeld is justiﬁed because the time scale of the simulation is much shorter than the
bounce period).
The electron population has a density of 15 cm−3 (the resulting cold plasma parameter is 𝛼 ∗ = 0.104), and it
is composed for 98.5% by a cold isotropic Maxwellian (1 eV) and for 1.5% by an anisotropic relativistic
]
[
bi-Maxwellian distribution f (v|| , v⟂ ) ∼ exp −𝛼⟂ 𝛾 − (𝛼|| − 𝛼⟂ )𝛾|| (with 𝛾 = (1−v 2 ∕c2 )−1∕2 , 𝛾|| = (1−v||2 ∕c2 )−1∕2 ,
and parallel and perpendicular refer to the background magnetic ﬁeld) [Naito, 2013; Davidson and Yoon, 1989].
We choose 𝛼|| = 25 and 𝛼⟂ = 4. The hot electrons velocity distribution function has standard deviations
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ject to a relatively broad spectrum
of modes. In our simulations the box
Figure 1. Spectrogram of magnetic ﬂuctuations, in logarithmic scale. The
length L = 400c∕Ωe and the most
black line shows the cold plasma dispersion relation. Most of the wave
dominant modes have wavelength of
power is conﬁned to 𝜔 ≲ 0.5Ωe .
about 1/200 of the box length. The
number of grid points is 8000. The diffusion code employed in this paper is described in Camporeale et al. [2013]. We solve the nonbounce-averaged
Fokker-Planck equation in energy and pitch angle on a computational box [0◦ , 89.9◦ ] × [10, 500] KeV, with
diﬀusion coeﬃcients evaluated as in Summers [2005]. Mixed energy/pitch angle diﬀusion is included. The
boundary conditions are f (t) = f (t = 0) at the lower and higher-energy boundaries and for 0◦ pitch angle.
A Neumann condition df ∕d𝛼 = 0 is used at the 89.9◦ boundary.
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In Figure 1, we show the spectrogram of the magnetic ﬂuctuations from PIC simulations, in logarithmic scale. By virtue of the one-dimensional setup, the ﬂuctuations are perpendicular to the background
ﬁeld. The black line shows the cold plasma dispersion relation for equal parameters but without the
suprathermal component, which is in very good agreement. Note that most of the wave power is
conﬁned to 𝜔∕Ωe ≲ 0.5. It is well known that temperature anisotropy instabilities have a “self-destructing”
character, in the sense that the generated electromagnetic ﬂuctuations reduce the anisotropy that drives
the instability, and therefore, a marginal stability condition is usually rapidly reached [Camporeale and
Burgess, 2008; Gary et al., 2014]. This eﬀect is shown in Figure 2. Electromagnetic energy (left axis) and
anisotropy T⟂ ∕T∥ (right axis) are plotted as a function of time in electron gyroperiod units. The reduction of anisotropy is indeed very strongly correlated to the linear growth phase of the instability, roughly
for TΩe < 1000. The linear instability saturates at a large-amplitude 𝛿B∕B0 ∼ 10%, and thus, in the
postsaturation regime the quasi-linear
theory might not be applicable.

2000

0
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TΩe

Figure 2. Time development of energy (left axes, logarithmic scale) and
temperature anisotropy T⟂ ∕T∥ (right axes, linear scale). Time is normalized
to electron gyrofrequency.
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3.1. Resonance Curves
Before commenting on the comparison between PIC and diﬀusion
code results, it is useful to brieﬂy
revise a few basic concepts concerning wave-particle resonance and
resonance curves. A particle is in resonance with a wave with frequency
𝜔 and wave vector k if the following
relation is satisﬁed:
√
𝜔 − kv cos 𝛼 = nΩe 1 − v 2 ∕c2 , (1)

which simply means that the relativistic gyrofrequency of the particle matches the Doppler-shifted wave
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Figure 3. Comparison between PIC and diﬀusion code results. Diﬀerence in the probability density functions between
time TΩe = 1000 and initial condition, for energies E = 20, 50, 100, and 200 KeV, as function of pitch angle 𝛼 (in degrees).
Blue, red, and yellow lines show the results from diﬀusion code, with 𝛿B∕B0 = 1%, 2%, and 5%, respectively. Black circles
are for PIC results. The vertical axes are in logarithmic scale (with sign), with a cutoﬀ at 10−3 .

frequency. The order of resonance n = 0 and n = 1, 2, … is respectively for Landau and cyclotron resonances.
Equation (1) shows resonance curves, which are ellipses in (v|| , v⟂ ) space on which the resonance condition
is satisﬁed. If the wave is conﬁned within a certain range of frequencies (and wave vectors), as it is the case
here (see Figure 1), equation (1) can be used to calculate the minimum energy that is required for a particle
with a given pitch angle 𝛼 in order to satisfy the resonance condition. For this purpose, equation (1) can be
rewritten, for n = 1, as
cos 𝛼 =

𝜔M (E + 1) − 1
,
√
k E 2 + 2E

(2)

where E is the relativistic energy normalized to the rest mass and 𝜔M the upper bound of the frequency range
normalized to Ωe . For completeness, we recall that the wave vector k can be calculated by using the cold
plasma dispersion relation for whistler waves:
√
kc∕𝜔 =

1−

𝜔2p ∕Ω2e
𝜔(𝜔 − Ωe )

(3)

3.2. Comparison Between PIC and Diﬀusion Code
Since diﬀusion coeﬃcients are very sensitive to the magnetic wave power spectrum (but actually not much
to the exact shape of the spectrum), a comparison between PIC simulations and a diﬀusion code raises the
question of which magnetic spectrum to choose, since this is evolving in time during the linear growth phase.
We show results for three values of ﬂuctuation amplitude: 𝛿B∕B0 = 1%, 2%, and 5%. In the diﬀusion code,
the ﬂuctuating ﬁeld amplitude does not change in time, and hence, it has to be interpreted as an eﬀective
time-averaged ﬁeld amplitude. All the results are shown for time TΩe = 1000, and we have veriﬁed that the
mean value of 𝛿B∕B0 between times TΩe = 0 and TΩe = 1000 is approximately 5%. The values 𝛿B∕B0 = 1%
and 2% occur when the average is performed until times TΩe = 300 and 500, respectively. The PIC results
suggest that it is reasonable to use a Gaussian spectrum centered at 𝜔∕Ωe = 0.2, with semibandwidth
equal to 0.25.
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Figure 4. Comparison between PIC and diﬀusion code results. Diﬀerence in the probability density functions between
time TΩe = 1000 and initial condition, for pitch angles 𝛼 = 50◦ , 60◦ , 70◦ , and 80◦ as function of energy. Same legend as
in Figure 3.

We show a direct comparison between PIC and diﬀusion codes, in terms of probability density function (pdf )
of the suprathermal species. Of course, such quantity is readily available in PIC simulations, and the statistics is
performed on 160,000 particles. However, for the results shown here, the pdf statistics degrades for energies
above ∼250 KeV.
Figures 3 and 4 show the diﬀerence between the pdf at time TΩe = 1000 and the initial condition. PIC results
are represented by circles, while the diﬀusion code results for 𝛿B∕B0 = 1%, 2%, and 5% are shown in blue,
red, and yellow, respectively. The vertical axes in Figures 3 and 4 are logarithmic, with a cutoﬀ at 10−3 . In this
way, we can show in a single plot the positive and negative parts of f (t = 1000Ω−1
) − f (t = 0), hence showe
ing whether the diﬀusion enhances or depletes the distribution function. The pdfs are not normalized but
rescaled such that its maximum value at initial time is equal to 1. Figure 3 shows the change in the pdfs as a
function of pitch angle for energies E = 20, 50, 100, and 200 KeV. Three features are evident in Figure 3. First,
the diﬀusion code overestimates the diﬀusion at small pitch angles. Indeed, there is at least an order of magnitude discrepancy between the diﬀusion code results and the PIC, for all energies, for pitch angles less than
10◦ . Second, the diﬀusion code does not capture scattering close to 90◦ pitch angle, which can instead be signiﬁcant in the PIC. Third, for each energy, there is a range in pitch angles where the diﬀusion code does not
predict any diﬀusion; i.e., the curves lie ﬂat at the cutoﬀ level 10−3 . This follows from the argument that we
have presented above: particles need to have a suﬃcient energy in order to fulﬁll the resonance condition.
This feature is even more evident in Figure 4. Here we show (with same legend as in Figure 3) the change in the
pdf with respect to the initial condition as a function of energy for pitch angles 𝛼 = 50◦ , 60◦ , 70◦ , and 80◦ . No
general trend is identiﬁable: the agreement between the codes is good in some regions but not everywhere.
In particular, a large disagreement is noticeable for small energy and large pitch angles. Finally, in Figure 5 we
present the two-dimensional color plots of the particle distribution functions for PIC (top left) and diﬀusion
code (top right, 𝛿B∕B0 = 1%), in logarithmic scale, at time TΩe = 1000. Figure 5 (bottom) evidently emphasizes
the downsides of the diﬀusion code. It shows the absolute value of the diﬀerence between the diﬀusion
code and the PIC results (we remind that the distribution function values range between 0 and 1). The superposed black line denotes the minimal resonant energy for a given pitch angle, calculated via equation (2), by
using a maximum frequency 𝜔M ∕Ωe = 0.5. Very interestingly, for large pitch angles the larger mismatches lie
below the black curve, where nonresonant scattering takes place and, as such, the diﬀusion code performs
CAMPOREALE
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Figure 5. Comparison between PIC and diﬀusion code results. (top left) Probability density functions for PIC and (top
right) diﬀusion code for the case 𝛿B∕B0 = 1%, at time TΩe = 1000. (bottom) The absolute value of the diﬀerence
between the two solutions. Below the black line the resonant condition equation (1) requires 𝜔∕Ωe > 0.5, and therefore,
only nonresonant interactions are possible.

poorly. The small pitch angle region is also quantitatively diﬀerent, with the larger mismatch for small energies.
This indicates that the actual particle lifetime might be larger than the one estimated through the quasi-linear
diﬀusion coeﬃcients.

4. Discussion
We have presented a direct comparison between ﬁrst-principle PIC and quasi-linear diﬀusive simulations.
The focus has been on one-dimensional PIC simulations of wave-particle interactions between suprathermal
electron and lower band chorus waves. In PIC, the waves are self-consistently generated by an initial small
population of anisotropic energetic electrons. This approach does not require any of the assumptions used
by quasi-linear theory or test particle simulations. We have initialized the suprathermal component with a
bi-Maxwellian relativistic distribution. This might not be completely realistic, and future work will test the
eﬀects of kappa-type distributions, such as the one studied, e.g., in Xiao [2006] and Xiao et al. [2008]. The particle diagnostic has been performed on samples of 160,000 PIC particles, resulting in excellent statistics, for
the energies considered. We have chosen a ﬁxed value of 𝛿B∕B0 , for the calculation of diﬀusion coeﬃcients,
and such value must be interpreted, in the diﬀusion code, as an eﬀective time average. It is important to realize that the results for 𝛿B∕B0 = 5% produce the largest disagreement with respect to PIC, in Figures 3 and 4,
although this is the value closer to the correct time average in the interval T = 0 to TΩe = 1000. This suggests
that when diﬀusion codes are used in conjunction with satellite data, the observed values of 𝛿B∕B0 might be
misleading if the wave is subject to linear growth.
We have highlighted some important diﬀerences in the results from PIC and diﬀusion code. First, the
quasi-linear code generally overestimates diﬀusion for small pitch angles. This is an important result that
implies a reconsideration of the standard estimates of particle lifetime, which is usually based on the characteristic diﬀusion times at loss cone angles. Second, we have presented evidence of nonresonant wave-particle
interactions at large pitch angles that, by construction, cannot adequately be described in the widely
employed resonant limit of the quasi-linear theory. In this respect, it would be interesting to test higher-order
nonlinear theories, such as the ones described in Qin and Shalchi [2009].
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In conclusions, our PIC simulations corroborate the long-standing viewpoint that diﬀusion codes are a useful
reduced model for the study of wave-particle interaction phenomena in the radiation belts, but at the same
time, in view of more quantitative predictions, they solicit an eﬀort to include nonresonant interactions.
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